This work copes with the fault diagnosis problem for branched pipelines. Since the models of networks are usually sparse, a fluid model transformation is proposed that simplifies the residual generator design for fault detection. The transformation is achieved by the application of structural analysis together with properties of equivalence classes of the fluid model equations. This transformation allows to obtain a set of subsystems in which each of them is robust to a fault set by considering the structural model redundancy. As a case study, the monitoring of a pipeline with two branches is presented where the outflow rate deviation at each branch must be detected. Experimental data of a hydraulic pilot pipeline shows the simplicity of the algorithm.
Introduction
Pipelines are subject to deterioration and alterations caused by unexpected incidences beyond the control of operators. This problem has motivated the design of automatic monitoring and diagnostic systems for the pipelines that indicate to the operators where the faults are and what is their magnitude. The books [1] and [2] show diverse scenarios of faults in pipelines and networks, where the main issues are the reduced number of measurable points in the lines and the outflow rate deviations of the nominal value. The basic principle for detecting faults in general is the coherence between fluid characteristics, statistics under nominal conditions, as well as the loss of the coherence in fault conditions or abnormal events [3] , [4] .
On the other hand, as the complexity and interconnection of the pipelines increase, the probable fault scenarios increase as well. Therefore, fault detection tools must be developed in the context of large-scale systems with few data on line.
In general, the fluid in a pipeline's network [5] involves dynamical variables x ∈ n and static variables x s ∈ s which can be modeled by the nonlinear system Σ   ẋ (t) = f m (x(t), u(t), x s (t), f (t),f (t)) 0 s = g(x(t), u(t), y(t), x s (t), f (t),f (t)) y(t) = h(x(t), u(t), x s (t), f (t),f (t)), where u ∈ m is a vector of known exogenous signals and y ∈ p corresponds to measurable variables. In this model, f (t) ∈ f andf (t) ∈ f denote the faults of interest and non-interest, respectively. The basic element in a fault detection and isolation (FDI) system is the residual r(t), which has a zero average value in the absence of faults (i.e f (t) = 0), and this deviates from zero in fault conditions (i.e. f (t) = 0).
The most common frameworks for generating residuals are the observers and parity space theories. In the observer framework, the solution consists of designing a dynamic system sensitive to faults of interest f (t) and insensitive to non-interestf (t) with the structure of an observer. Even for additive faults and the absence of static variables, detection conditions reported in [6] and in [7] are difficult to verify for spatially discretized pipeline models. Negrete [8] proposes an observers cascade scheme based on sliding modes for unknown inputs and directly reconstructs the leak in a pipeline without residuals; however, the leaks' position is assumed to be known. Moreover, the conditions of such observers are difficult to fulfill for a branched pipeline. The Staroswiecki school [9] addressed the FDI problem in the framework of the parity space, with the disadvantage of requiring differentiators.
Several alternatives have been proposed for designing residual generators by using graph theory ( [10] and [11] ). In particular, Staroswiecki [9] developed the structural analysis (SA) for FDI, which can even be applied for descriptor systems and large-scale models. Krysander et al. [12] simplified the residual generation task, making use of equivalence relations in the framework of SA. They have developed software for the generation of redundant relations based on the minimal structurally overdetermined sets [13] . Therefore, the SA is a feasible tool for designing a diagnosis system for pipelines and networks by assuming few measurements along the lines.
Motivated by the description above, the aim of this paper is to simplify the subsystems search in the fluid model of a pipeline that satisfy the existence conditions of a residual generator. In particular, a systematic transformation of the fluid structural model is proposed by considering the equivalence relations of the fluid model in the framework of SA. This transformation generates a star architecture of subsystems with a gather. Thus, the architecture reduces as much as possible the subsystem's interconnection leaving the gather as the common linked variables of the subsystems. A property of each subsystem is its redundancy, and therefore one can isolate each one of them to generate a residual by observers or redundant relations. This systematic transformation is the main contribution of this work. An advantage of the transformation is the reduced number of subsystems that are candidates to design a residual generator by using the algorithm described here.
To show the procedure performance, here it is applied to generate residuals for outflow rate deviations in a pipeline with two branches; measurements of pressures and flows at the extremes of the line. Experimental data of a hydraulic pilot plant as shown in Fig. 1 are used for validation. The work is organized as follow. Section 2 describes SA tools and the equivalence. In Section 3, the procedure is described for obtaining graphs with diagnostic properties by considering equivalence relations. In Section 4 the branched pipeline model of the case study is introduced, where outflow rate deviations at two junctions are assumed to be faults. This section includes step by step the systematic process for achieving a residual for each fault. Moreover, simulation results for the outflow rate deviations are discussed. Finally, Section 5 presents conclusions and remarks of the proposed procedure to simplify the residuals' generation.
Structural analysis for fault diagnosis
Structural analysis is a tool based on graph theory that analyses the features of structural models from a fault diagnosis point of view. Specifically, SA deals with systematic procedures to obtain fault residuals r(t) from a graph without numerical values. This section introduces its bases, and one can consult [14] for a complete description.
Structural decomposition
The general nonlinear dynamic system Σ can be described by a bipartite graph with two nodes sets. One associated with the constraint set C and the other with the system variable set Z, where they are linked by the edges set ε. This graph is usually written by
This model includes relations between X and its derivativeẊ as a set D of constraints, each of them are denoted by d i and given by
is formed by the constraint sets:
In this framework, the set ε ⊂ C×Z is formed by (c i , z j ) ∈ ε if the variable z j is present in c i .
A common representation of the bipartite graph G Σ for large-scale systems is the incidence matrix (IM) of Table 1 where rows are associated with set C, columns with set Z and its elements are the respective edges. Here the Boolean values of ε are denoted by (•, ) with a space. Table 1 . Incidence matrix of G Σ (C, Z, ε)
The relations between set Z and the constraint set C in a graph are paths joining elements of Z with elements of C. This process in which each c i is used to express only a variable z i is called the matching process. According to [15] , the graph G Σ (C, Z, ε) can be decomposed in the following three subsystems as shown in Table 2 :
, when there is a complete matching of the variable set Z + but not of the constraints C + .
• Justdetermined graph G 0 (C 0 , Z 0 ∪ Z + , ε) when there is a complete matching of set Z 0 and also of set C 0 .
•
, when there is a complete matching of the set C − but not of the variable set Z − . Table 2 .
Fault diagnosis by SA
The FDI task in the SA framework consists to determine relations between elements of the known set K = {U ∪ Y } and constraint set C by assuming that the fault set F of interest is present in a graph. For this task the following definition of detectable fault in G + is used
To reduce the computational cost and to avoid duplicate relations, for large-scale and sparse systems a previous selection of possible paths in which the faults can be detected is appropriate. A suitable procedure consists of
Step 1. Eliminate the known variable set K and fault set F andF from the IM of G Σ .
Step 2. Eliminate the constraint set CF where the elements ofF are present. This means C m = C \ CF .
Step 3. Indicate the rows c i in which the elements of F are present.
Step 4. Transform the reduced graph G m = (C m , X ∪Ẋ ∪ X s , ε) to the Dulmage-Mendelsohn (DM) decomposition by permutations of rows and columns to obtain its triangular form as in Table 2 . This means the description of G m is given in terms of the overdetermined, the justdetermined and the subtermined subgraphs. To simplify the index notation in the next sections G is assumed instead of G m
Even with the possible reduction of the graph dimension by using the DM transformation, the paths' sensitivity with respect to faults for large-scale systems could imply high computational cost. This has motivated diverse procedures to simplify the path task for FDI ( [10] , [14] and [13] ).
3 Transformation and algorithm
Star structure transformation
This subsection describes a transformation of G + into a star structure with a gather. An advantage of this structure is the reduction of the candidate paths for fault detection.
Definition 2. According to [16] , two constraints (c i , c j ) ∈ C form an equivalence relation, if they satisfy the following 
This definition can be extended to any number of constraints. Thus, the set of all the involved equivalence constraints is denoted by Ce and its respective variable set Xe. Under these conditions, one can construct recursively an equivalence graph for each equivalence relation given by
with the common variable set for all the graphs
Moreover, in accordance with [12] , the cardinality of the sets Ce i and Xse i of each equivalence graph satisfies
This implies that each Ge i has one degree of redundance if X se0 has been previously evaluated.
On the other hand, by clustering all the constraints without an equivalence relation of G + , one obtains the graph
with the variable set Xse 0 . Note that this graph is not necessarily overdetermined.
Thus, by using graphs (2) and (5), one can transform
which is a star structure with a gather, as one can see from the IM given in Table 3 and Fig. 2 . 
An advantage of the star structure with a gather is that one can analyze the isolability of a fault set with the following definition.
Definition 3. Let f s and f j two faults that affect the constraints c f s(k) and c f j(g) respectively. If c f s(k) ∪ c f j(g) ∈ C ei , then the faults f s and f j are unisolable.
To manage unisolable faults one proposes to define a virtual fault fĩ = {f i , f j , f k , . . .} which is involved in Gē i . 
Algorithm
From the structure of Ge + , one can see that the diagnosis attributes depend on the redundance degree of Ge 0 . Therefore, the search of paths for fault detection begins by calculating ϕ(Ge 0 ) = |Ce 0 | − |Xe 0 |.
This number characterizes two possible scenarios 1. If ϕ(Ge 0 ) ≥ 1 it is possible to first calculate Xe 0 and then, as a second step, to decouple each block Ge i , establishing a graph with redundancy one for each block.
2. If ϕ(Ge 0 ) < 1, the redundancy in Ge 0 is null, and it must be increased by using blocks from Ge i , before the paths are determined. Under this condition, the following algorithm has been developed to compensate for the lack of redundancy in the gather.
The proposed algorithm focuses on case (2), by looking for the maximal set of constraints insensitive to a specific fault f i . It is based on the following assumptions and the isolability condition:
1. One can increase the degrees of freedom in Ge 0 by adding graphs Ge i .
2.
One can eliminate all the constraints in which the specific fault f i is present.
Let the interest fault set F l with cardinality L. The following algorithm establishes the redundant graphs insensitive to f i or fī given by the virtual fault.
Step 1. Initialize the insensitive fault pointer l = 1.
Step 2. Apply a scan from top to bottom in the matrix G + e by removing all subsystems Ge i where the fault f l is present, and define the resultant subsystem asĜ l , this can be done by applying a search algorithm [17] .
Step 3. Calculate the DM decomposition from the grapĥ G l , if there existĜ + l then continue, otherwise go to the step 9.
Step 4. Search equivalence relations inĜ + l , if at least one relation can be found, form the graph
where * denotes a reduction, otherwise the reduced graph will have the form Gs * l (C * , X * , ε).
Step 5. Determine the subset of faults F e i to which Gs * l is sensitive.
Step 6. Calculate the degree of redundancy of Gs * l ; if ϕ(Gs * l ) = 1 go to step 8, otherwise continue.
Step 7. Remove (ϕ(Gs * l ) − 1) graphs within Gs * l \(Ce * 0 , Xe * 0 ), by considering the possible combinations of subgraphs that allow the calculation of Xe * 0 .
Step 8. Match a propagation path initializing with K \ k i , taking k i as the target node to get a residual, following the procedure given in ( [10] ).
Step 9. Increase the fault pointer l = l + 1, and if l ≤ L, return to step 2.
To illustrate the simplicity in the obtaining of the paths, the algorithm is applied to faults diagnosis of a pipeline. Fig. 3 shows the schematic view of the pipeline of length L with two branches considered for the case study. According to [18] , the fluid model in a pipeline is described by the continuity and moment nonlinear partial differential equations, which involve flow Q(z, t) and pressure H(z, t) along the line where z is the spatial variable and t the time. It is shown in [1] that an infinite-dimensional model is not necessary to obtain a fault diagnosis system for some pipelines scenarios. Figure 3 . Schematic view of a pipeline with two branches Therefore, the minimal-order model of the fluid is approximated by the set of constraints c i as follows:
Case Study: Branched Pipeline

Fluid Model in a Pipeline
Thus, x 1 , x 3 and x 5 correspond to the flow rates in each pipeline section, and x 2 and x 4 are the pressures at the branches. It is assumed that flow rates y 1 and y 2 and pressures u 1 and u 2 are measured. The parameters a 1i and a 2j are given by
where ∆z k = z k − z k−1 is the length of the k−th section, g is the gravitational acceleration, A is the crosssectional area, b is the wave speed in the fluid and L = ∆z 1 + ∆z 2 + ∆z 3 . Moreover, the head loss function J(x i ) has the form
where θ α and θ β depend on rugosity and kinematic viscosity, fluid temperature and diameter of the pipeline. According to the SA, each state derivative has to be described as an additional constraint for i = 1, 2, ..., 5; thus, the structural system requires the constraints
Propagation Paths in G * si
The starting point for the transformation is the building of G Σ from the constraint set with |C| = 12, the unknown variable set with |X| = 10 and the known variables with |K| = 4. By applying the function dmperm of MATLAB [19] to the graph G Σ (C, X, ε), one gets the DM decomposition shown in Table 4 , which is overdetermined with empty justdetermined and subdetermined graphs. This means G Σ = G + . The constraints c 2 and c 4 marked by gray in the Tables indicate where outflow rate deviations f 1 and f 2 are present.
According to the proposed algorithm, one looks for the equivalence graphs in G + m of Table 4 . Thus, one gets the graph G + e of Table 5 with five equivalence relations and the gather G e0 formed by c 6 and c 7 .
As stated by the algorithm, for obtaining the star structure insensitive to each f i , all equivalence subsystems where f i appears in the structure G + e must be removed. After this step, a new DM decomposition and its respective equivalence matrix are generated. Table 4 . DM decomposition of the whole graph
• Table 5 . Incidence matrix of G
• a) Fault f 1 : After removing the equivalence subsystem formed by {c 2 , c 9 }, one gets the structure G * s1 of Table  6 ; which is only sensitive to f 2 . Table 6 . Incidence matrix of G *
Since the variables x 1 and x 5 are measured, the graph G * s1 is overdetermined. To determine a residual sensitive only to f 2 , the propagation path of G * s1 based on the redundant graph with u 2 as a target node and initial nodes {y 1 , y 2 , u 2 } is suggested. The matching described in Table  7 is obtained. , y 1 , u 2 
From this path, the residual for the outflow rate f 2 is generated by
wherev denotes an estimated variable by a propagation path. To implement this residual, diverse derivative algorithms can be used. b) Fault f 2 : After removing the equivalence subsystem formed by {c 4 , c 11 } one gets the structure G * s2 shown in Table 8 , which is only sensitive to f 1 . Thus, the cardinality of the sets are |X| = 9 and |C| = 10. 
• By considering the matching path shown in Table 9 . Table 9 . Propagation path from (y 1 , y 2 , u 1 ) to u 2 by G * s2
With the initial nodes {y 1 , y 2 , u 2 } and the target node u 2 , one gets a residual sensitive to f 1
Residuals (10) and (11) have been implemented by applying the uniform exact differentiators suggested in [20] . Therefore, for each residual four differentiators are applied.
Implementation and experimental results
The experiment consists of sequentially inducing outflow rates at the position z 1 = 100 m and z 2 = 156.2 m of the line to emulate the faults. The data of the flow and pressure at the ends of the line in this condition are given in Fig. 4 and are taken with a sample time of T = 0.001 s from the SCADA of the hydraulic pilot plant with physical parameters that are reported in [21] . This experiment is performed in such a way that the faults appeared sequentially to exploit the residuals insensitivity at the occurrence times of the faults. The outflow rate magnitudes at the branches are Figure 5 shows the evolution of residuals r 1 and r 2 implemented by Eqs. (10) and (11) . One can see that each residual satisfies the design specification, since each one is sensitive to its respective fault with a small transient for r1. Note that the magnitude ratio r 2 /r 1 is of the order of 0.01 for an outflow rate ratio of f 2 /f 1 = 0.6. This means the relations between the residuals are associated with the outflow rate magnitude.
The residuals of the pipeline were generated to show the feasibility of fault isolability by using our proposal with experimental data.
Conclusion
This work proposed to transform large-scale systems that include descriptor systems into a star structure graph with a gather. The key of the transformation is the use of the equivalence classes in the context of SA. Thus, one can reduce the fault detection task for large-scale descriptor sys- Figure 5 . Residuals r 1 and r 2 for outflow rate deviations f 1 and f 2 activated at 18 s and 33 s respectively tems without specific knowledge of the fluid model. On the base of this transformation an algorithm was developed to get residuals for a branched pipeline with outflow rates considered as faults. This method is validated with experimental data.
